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Abstract
In the present paper we show that the complete list of special Killing
forms on the 5-dimensional Sasaki-Einstein spaces Y p,q can be extracted
using the symplectic potential and the classical Delzant construction. The
results achieved here agree with previous ones obtained by direct compu-
tation, proving the reliability of the method which stands in fact as a
general algorithm for toric Sasaki-Einstein manifolds. Finally, we discuss
the integrability of geodesic motion in Y p,q spaces.
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1 Introduction
Symmetries of dynamical equations have always played very important role in
physics. The most common meaning of the symmetry is associated to that of
isometry that leaves the metric invariant. A one-parameter continuous isometry
is related to Killing vectors. More general one can consider a physical system
evolving in a given background and analyze the symmetries of the whole phase
space of the system such that the dynamics is left invariant. Such symmetries
are often referred to as hidden symmetries whose conserved quantities are of
higher order in momenta.
The conserved quantities polynomial in momenta are constructed making
use of Stäckel-Killing tensors which are natural generalization of the Killing
vectors. There is also an antisymmetric generalization of the Killing vectors
represented by Killing-Yano tensors. They play an important role in the study of
complete integrability of geodesic equations and complete separation of variables
for the Hamilton-Jacobi, Klein-Gordon and Dirac equations in general Kerr-
NUT-(A)dS metrics.
In the last time Sasaki-Einstein geometry has become of significant interest
in some modern developments in mathematics and theoretical physics [6, 23].
The Sasaki-Einstein spaces provide supersymmetric backgrounds relevant to the
AdS/CFT correspondence [13].
In this paper we want to take a closer look at the special Killing forms
on the 5-dimensional toric Sasaki-Einstein Y p,q spaces. The special Killing
forms on the Sasaki-Einstein manifold Y p,q were firstly obtained by a direct
calculation in [25]. Later, in [20], the authors show that working with foliated
coordinates we can also extract the special Killing forms on a Sasaki-Einstein
manifolds, developing a general alternative approach which was exemplified in
the case of the five-dimensional Y p,q spaces, obtaining the same results as in
[25]. Now we give a third approach, proving that the description of the Calabi-
Yau cone C(Y p,q) using toric data allows us to extract the special Killing forms
on Y p,q based on a standard method. Using the complete set of special Killing
forms we construct the Stäckel-Killing tensors and the corresponding conserved
quantities, quadratic in momenta. Finally we investigate the integrability of the
geodesic motion and show that the system is completely integrable.
The paper has the following organization: In Section 2.1 we review some
well-known properties of Killing tensors. In Section 2.2 we describe the special
Killing forms on Sasaki-Einstein manifolds. In Sections 2.3 and 2.4 we present
the evaluation of symplectic potential and the holomorphic volume form in
complex coordinates using toric data. In Section 3 we exemplify the general
scheme in the case of the five dimensional Sasaki-Einstein spaces Y p,q and write
down the symplectic and complex coordinates. In Section 4 we present the
complete set of special Killing forms on Y p,q spaces. In Section 5 we evaluate
the Stäckel-Killing tensors constructed from Killing-Yano tensors and prove the
complete integrability of geodesic motion in Y p,q spaces. The paper ends with
conclusions in Section 6.
2
2 Preliminaries
2.1 Killing forms and Stäckel-Killing tensors
The Killing forms (sometimes called Killing-Yano tensors) stand as a natural
extension of classical Killing 1-forms (which are dual to Killing vector fields).
We introduce these differentiable forms in accordance with [19]. Throughout
the paper we use standard conventions: ∇ is the Levi-Civita connection with
respect to the metric g, X∗ is the 1-form dual to the vector field X , y is the
operator dual to the wedge product.
Definition 1. If (M, g) is a Riemannian manifold, then a Killing form of rank
p is a p-form ψ which have to satisfy the equation
∇Xψ = 1
p+ 1
Xydψ , (1)
for any vector field X on M .
The corresponding equation of (1) in component notation becomes
∇(jψi1)i2...ip = 0 .
Here the round brackets are used to denote symmetrization over the indices
within.
It turns out that the most part of known interesting Killing forms satisfy for
some constant c the additional equation
∇X(dψ) = cX∗ ∧ ψ , (2)
for any vector field X on M .
Definition 2. The particular class of tensors which satisfy the above relation
are called special Killing forms [19].
We introduce below a symmetric generalization of the Killing vectors; if a
symmetric tensor Ki1···ir of rank r > 1 satisfies the generalized Killing equation
∇(jKi1···ir) = 0 ,
then it is called a Stäckel-Killing tensor.
We remark that for any geodesic γ with tangent vector γ˙i
QK = Ki1···ir γ˙
i1 · · · γ˙ir , (3)
is constant along γ.
This stands as an analogue of the conserved quantities associated with Killing
vectors. Given two Killing-Yano tensors ψi1,...,ik and σi1,...,ik there is a Stäckel-
Killing tensor of rank 2:
K
(ψ,σ)
ij = ψii2...ikσ
i2...ik
j + σii2...ikψ
i2...ik
j . (4)
This result represents an important connection between these two general-
izations of the Killing vectors, and offers a method to generate higher order
integrals of motion by identifying the complete set of Killing forms.
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2.2 Special Killing forms on Sasaki-Einstein manifolds
We pass now to a remarkable class of manifolds where special Killing forms are
known to exist; these are Sasaki-Einstein manifolds. In the following we give
a brief presentation. First we introduce the metric cone C(M) of the manifold
M . This is in fact the product manifold M × R>0, with dimC(M) = 2n + 2,
endowed with the warped metric gcone := dr
2 + r2g.
Definition 3. A differentiable manifold M is called Sasaki manifold if its met-
ric cone C(M) is a Kähler manifold.
If J represents the complex structure on the cone manifold, then we denote
K˜ := J (r ∂
∂r
).
Considering the restriction of K˜ to the submanifold determined by the con-
dition r = 1 we obtain the Reeb vector field B on the Sasaki manifold M . The
dual 1-form of B on M is denoted by η, and extending on the cone manifold
C(M) we obtain that the dual of K˜ is r2η. Now the Kähler form ω can be
expressed as
ω =
1
2
d(r2η) =
1
2
i∂∂¯r2.
where i :=
√−1 and ∂ and ∂¯ are the canonical operators associated to J .
From here we easily see that F := r
2
4 is the Kähler potential.
Definition 4. An Einstein manifold is a Riemannian manifold (M, g) satisfying
the Einstein condition
Ricg = λg , (5)
for a real constant λ, where Ricg denotes the Ricci tensor of g.
Einstein manifolds with λ = 0 are called Ricci-flat manifolds. Finally, a
Sasaki-Einstein manifold is a Riemannian manifold (M, g) that is both Sasaki
and Einstein. We note that in the case of Sasaki-Einstein manifolds one always
has (5) with the Einstein constant λ = 2n. It turns out that a Sasaki man-
ifold M is Einstein if and only if the metric cone C(M) is Kähler Ricci-flat.
Consequently, the metric cone of a Sasaki-Einstein manifolds will be a Kähler
manifold with flat Ricci tensor, i.e. a Calabi-Yau manifold (see e.g. [6]).
Definition 5. A toric Sasaki manifold M is a Sasaki manifold whose Kähler
cone C(M) is a toric Kähler manifold [10].
For instance, a five-dimensional toric Sasaki-Einstein manifold is a Sasaki-
Einstein manifold with three U(1) isometries. Then, using symplectic geometry
of the cone C(M) one can introduce canonical coordinates and the Sasaki-
Einstein structure can be described in terms of toric data together with a single
function G, a symplectic potential (see e.g. [17]). Remarkable examples are
represented by the spaces Y p,q with relative prime numbers p and q, which
topologically are S1-fibration over S2 × S2.
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Next, we discuss the existence of special Killing forms on Sasaki-Einstein
manifolds. In this respect, a remarkable correspondence between special Killing
forms defined on such manifold M and the parallel forms defined on the corre-
sponding metric cone C(M) was stated by Semmelman [19].
Theorem 1. [19] A p−dimensional differential form Ψ is a special Killing form
on M if and only if the corresponding form
Ψcone := r
pdr ∧Ψ+ r
p+1
p+ 1
dΨ , (6)
is parallel on C(M).
Using the defining equation (2) we can show that on a five-dimensional
Sasaki manifold M two special Killing forms can be directly written employing
the 1−form η [19]:
Ψ1 = η ∧ dη, Ψ2 = η ∧ (dη)2 . (7)
Other two closed conformal Killing forms called ∗-Killing forms, are also ob-
tained:
Φ1 = dη, Φ2 = (dη)
2 . (8)
In the case of the Calabi-Yau cone C(M), with the method offered in [19] two
additional special Killing forms on M can be extracted using parallel forms of
the cone. We introduce now the holomorphic complex volume form.
Definition 6. If Vol is the volume form on the metric cone, then the holomor-
phic volume form Ω is defined by the relation
Vol =
1
(n+ 1)!
ωn+1 =
in+1
2n+1
(−1)n(n+1)/2Ω ∧ Ω¯ .
We recall now the following classical fact.
Theorem 2. [16, Chapter 17] On Ricci flat Kähler manifolds the holomorphic
complex form is parallel.
Consequently, in our setting the holomorphic complex volume form Ω of
C(M) and its conjugate [19] are the two needed parallel forms.
2.3 Symplectic potential and complex coordinates
In order to write the holomorphic complex form we need complex coordinates
and corresponding metric coefficients on the cone manifold. In the previous pa-
pers [25, 20] these coordinates were obtained by a direct computation. In order
to show that this can be done using the classical Delzant construction and sym-
plectic potential we start out by considering first the symplectic (action-angle)
coordinates (yi,Φi). The angular coordinates Φi will generate the toric action.
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In order to obtain the yi the key ingredient is represented by the momentum
map µ = 12r
2η. We have the correspondence
yi = µ(∂/∂Φi) . (9)
The corresponding Kähler metric on the cone C(M) is constructed using the
symplectic potential G [15, 1].
For this purpose we briefly present below the Delzant result.
A Delzant polytope is a convex polytope such that there are n edges meeting
at each vertex, each edge meeting at the vertex is of form 1+tui, where ui ∈ Zn,
and {ui} can be chosen to form a basis in Zn. This polytope can be described
by the inequalities
lA(y) := 〈y, vA〉 ≥ 0, for 1 ≤ A ≤ d ,
where {vA} are inward pointing normal vectors to the facets of the polytope
and d is the number of facets [1, 10].
It is possible to associate to any Delzant polytope P ∈ Rn a close connected
symplectic manifoldM , together with a Hamiltonian Tn action on the manifold.
In fact it can be shown that the polytope turns out to be the image of the
momentum map, P = µ(M) (see e.g. [12]).
Remark 1. In the case of the Calabi-Yau cone we take C(M) to be Gorenstein
which is a necessary condition to admit a Ricci-flat Kähler metric and M to
admit a Sasaki-Einstein metric. For affine toric varieties it is well-known that
C(M) being Gorenstein is equivalent to the existence of a basis for the torus Tn
for which
va = (1, wa) , (10)
for each a = 1, · · · , d and wa ∈ Zn−1 [14, 15].
The symplectic potential G can be written in terms of the toric data [15]
G = Gcan +GB + h. (11)
In the above description of G the first terms is the canonical symplectic potential
and it is computed using the corresponding Delzant polytope.
Gcan =
1
2
∑
A
lA(y) log lA(y),
The second term is related to the Reeb vector field B. Here we define the affine
function lB := 〈B, ·〉, and l∞ := 〈
∑
A vA, ·〉 and GB is written as
GB =
1
2
lB(y) log lB(y)− 1
2
l∞(y) log l∞(y) .
Finally, as in the general caseG needs to satisfy the Monge-Ampère equation,
a homogeneous function h of degree 1 in variables y is added.
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From equation (11) it becomes clear the relevance of the Reeb vector field B
and the function h. Note that B is constant [15]. We make here some references
regarding the possibility to calculate this vector. According to the AdS/CFT
correspondence the volume of the Sasaki-Einstein space corresponds to the cen-
tral charge of the dual conformal field theory. There are two known different
algebraic procedures to extract the components of the Reeb vector from the
toric data. The first procedure is based on the maximization of the central
charge (a-maximization) [11] used in connection with the computation of the
Weyl anomaly in 4-dimensional field theory. The second one is known as volume
minimization (or Z-minimization) [15].
Using now the symplectic potential we can write the metric on the Kähler
manifold with respect to the symplectic coordinates
ds2 = Gijdy
idyj +GijdΦidΦj ,
where the metric coefficients are computed
Gij =
∂2G
∂yi∂yj
,
with
(
Gij
)
:= (Gij)
−1
.
The main outcome of the above construction is that it allows us to pass to
the complex coordinates zi := xi + iΦi.
Considering the Kähler potential F as the Legendre dual of G
F (x) =
(
yi
∂G
∂yi
−G
)
: (y = ∂F/∂x) .
we can obtain the coordinates xi using the Legendre transform
xi =
∂G
∂yi
, yi =
∂F
∂xi
.
The metric structure is now written with respect to the coordinate patch
(xi,Φi) in the following manner
ds2 = Fijdx
idxj + FijdΦ
idΦj ,
where the metric coefficients are again obtained using the Hessian of the Kähler
potential F , i.e.
Fij =
∂2F
∂xi∂xj
.
Another useful remark is [1]
(Fij) =
(
Gij
)
. (12)
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Using (11), we are able to express the coordinates xi and the metric coeffi-
cients Gij
xi =
∂G
∂yi
=
1
2
∑
A
viA log lA(y) +
1
2
Bi(1 + log lB(y))
− 1
2
∑
A
viA log l∞(y) + λi ,
Gij =
1
2
∑
A
viAv
j
A
lA(y)
+
1
2
BiBj
lB(y)
− 1
2
∑
A v
i
A
∑
A v
j
A
l∞(y)
.
2.4 The holomorphic volume form in complex coordinates
As we can calculate the complex coordinates and the metric coefficients in the
above manner, we can use them to express the holomorphic volume form.
Eventually ignoring the multiplicative constant, Ω can be written as [15]
Ω = exp(iα) det(Fij)
1/2dz1 ∧ .. ∧ dzn .
We use in the following the fact that the Calabi-Yau metric cone is Ricci
flat. From the classical formula
ρ = −i∂∂¯ log det(Fij) ,
using (12), by a simple computation we get (see [15])
det(Gij) = exp
(
2γi
∂G
∂yi
− c
)
, (13)
with constants γi, and c.
Now, as the metric has to be smooth, from (13) it turns out that [17]
γ = (−1, 0, .., 0) ,
and, consequently, the Hessian of the Kähler potential is written
det(Fij) = exp
(
2x1 + c
)
.
Plugging this final result in the above formula, we get
Ω = exp(x1 + iα)dz1 ∧ .. ∧ dzn .
Finally, Ω should be closed (as it is parallel), and we can choose the phase
α to be Φ1. We obtain the desired result.
Proposition 1. [15] With respect to the complex coordinates (zi) the holomor-
phic volume form has the following simple form
Ω = exp(z1)dz1 ∧ .. ∧ dzn. (14)
In the next sections we use this relation in order to extract the special Killing
forms on manifolds of Sasaki-Einstein type.
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3 Symplectic and complex coordinates on Y p,q
The metric tensor of the 5-dimensional Y p,q manifold can be written as [14]
ds2 =
1− c y
6
(dθ2 + sin2 θ dφ2) +
1
w(y)q(y)
dy2 +
q(y)
9
(dψ − cos θ dφ)2
+ w(y)
[
dα +
ac− 2y + c y2
6(a− y2) [dψ − cos θ dφ]
]2
,
(15)
where
w(y) =
2(a− y2)
1− cy ,
q(y) =
a− 3y2 + 2cy3
a− y2 .
(16)
This metric is Einstein with Ricg = 4g for all values of the constants a, c.
Moreover the space is also Sasaki. For c = 0 the metric takes the local form
of the standard homogeneous metric on T 1,1 [14]. Otherwise the constant c
can be rescaled by a diffeomorphism and in what follows we take c = 1. For
0 < α < 1 , we can take the range of the angular coordinates (θ, φ, ψ) to be
0 ≤ θ ≤ 2π , 0 ≤ φ ≤ 2π , 0 ≤ ψ ≤ 2π. Choosing 0 < a < 1 the roots yi of the
cubic equation
a− 3y2 + 2y3 = 0 , (17)
are real, one negative (y1) and two positive (y2, y3). If the smallest of the
positive roots is y2, one can take the range of the coordinate y to be
y1 ≤ y ≤ y2 .
We note that the parameter a of the cubic equation (17) can be expressed
in terms of the two relatively prime positive integers p and q as
a =
1
2
− p
2 − 3q2
4p3
√
4p2 − 3q2, (18)
and the roots of the cubic a− 3y2 + 2y3 are
y1 =
1
4p
(
2p− 3q −
√
4p2 − 3q2
)
, (19)
y2 =
1
4p
(
2p+ 3q −
√
4p2 − 3q2
)
, (20)
y3 =
1
2
+
√
4p2 − 3q2
2p
. (21)
We can now define (see [14]):
α ≡ ℓγ , (22)
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with
ℓ =
q
3q2 − 2p2 + p
√
4p2 − 3q2 , (23)
and the following change of variables [14]
α = −β/6− ψ′/6 , ψ = ψ′ . (24)
Therefore the metric (15) takes the local Sasaki-Einstein form
ds2 = ds2(B4) + w(y)[dα +A]
2,
where B4 = S
2 × S2, ds2(B4) is the non-trivial metric on B4 described in [9]
and A is a 1-form given by
A = f(y)(dψ − cos θdφ) , (25)
where
f(y) =
a− 2y + y2
6(a− y2) . (26)
Moreover, the Reeb vector B and the dual 1-form η are given by [14]:
B = 3 ∂
∂ψ′
= 3
∂
∂ψ
− 1
2ℓ
∂
∂γ
= 3
∂
∂ψ
− 1
2
∂
∂α
(27)
and
η = −2y(dα+A) + 1
3
q(y)(dψ − cos θdφ) . (28)
We remark now that the 1-form η can be written in a simple way as:
η = −2ydα+ 1− y
3
(dψ − cos θdφ)
= −2yℓdγ + 1− y
3
(dψ − cos θdφ) ,
(29)
and it is easy to see that η(B) = 1.
In relation to the angular variables φ, ψ, γ, the basis for an effectively acting
T
3 action is [14]
e1 =
∂
∂φ
+
∂
∂ψ
,
e2 =
∂
∂φ
− l
2
∂
∂γ
,
e3 =
∂
∂γ
,
(30)
with l = p− q.
It is easy to see now that, considering this basis, the Reeb vector has the
components
B =
(
3,−3,−3
2
(l +
1
3ℓ
)
)
. (31)
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If we write now the basis (30) in the following form
ei =
∂
∂Φi
, (32)
then we obtain after some standard computations that

∂
∂φ
∂
∂ψ
∂
∂γ

 =

 0 1 l21 −1 − l2
0 0 1



 ∂∂Φ1∂
∂Φ2
∂
∂Φ3

 , (33)
and therefore we derive
Φ1 = ψ ,
Φ2 = φ− ψ ,
Φ3 =
l
2
φ− l
2
ψ + γ .
(34)
Using now the correspondence between the symplectic (action-angle) coor-
dinates (yi,Φi) and the momentum map µ:
yi = µ(∂/∂Φi) =
r2
2
η(∂/∂Φi) , (35)
we deduce that, in this new basis (32), the momentum map becomes
~y = (y1, y2, y3) =
[
r2
6
(1− y)(1 − cos θ) , −r
2
6
(1− y) cos θ + r
2
2
lℓy , −ℓr2y
]
.
(36)
Next, in order to introduce the complex coordinates on the Calabi-Yau cone
C(Y p,q), we need the symplectic potential G. First of all, let us consider the
toric data for Y p,q [14, 17]):
v1 = [1,−1,−p] , v2 = [1, 0, 0] , v3 = [1,−1, 0] , v4 = [1,−2,−p+ q] . (37)
Now, from (11) we remark that the symplectic potential in the case of Y p,q
contains the function h, in contradistinction to the case of the homogeneous
Sasaki-Einstein manifold T 1,1 (see [21, 22]). However, it can be proved that one
can derive a more simple expression [17]
G =
6∑
A=1
1
2
〈vA, y〉 log 〈vA, y〉 , (38)
by introducing two additional vectors v5 and v6 as follow:
v5 :=B − v1 − v3 =
(
1,−1,−1
2
p+
3
2
q − 1
2ℓ
)
,
v6 :=− v2 − v4 = (−2, 2, p− q) .
(39)
11
Now we note that the complex coordinates are
z1 =x1 + iψ ,
z2 =x2 + i(φ − ψ) ,
z3 =x3 + i(
l
2
φ− l
2
ψ + γ) .
(40)
In order to derive the expression of xi we use:
xi =
∂G
∂yi
=
1
2
6∑
1
viA log〈vA, y〉+
1
2
6∑
1
viA . (41)
In the sequel, for the sake of simplicity we will ignore the additive constants.
Using now (36), (37) and (39) in (41) and taking account of (18), (19), (20),
(21) and (23), we derive after some long but relatively straightforward algebraic
calculations:
x1 =3 log r + log sin θ +
1
2
log
(
y3 − 3
2
y2 +
a
2
)
,
x2 =− 3 log r − 2 log cos θ
2
− 1
2
log
(
y3 − 3
2
y2 +
a
2
)
,
x3 =
p(y1 − y3)
1− y1 log r − l log cos
θ
2
+
p(1− y3)
2(1− y1) log(y − y3)−
p
2
log(y − y1) ,
(42)
Hence we can introduce on C(Y p,q) the following patch of complex coordinates
z1 = log
(
r3 sin θ
√
y3 − 3
2
y2 +
a
2
)
+ iψ ,
z2 =− log
(
r3 cos2
θ
2
√
y3 − 3
2
y2 +
a
2
)
+ i(φ− ψ) ,
z3 = log
r
p(y1−y3)
1−y1 (y − y3)
p(1−y3)
2(1−y1)(
cos θ2
)l√
(y − y1)p
+ i
(
l
2
φ− l
2
ψ + γ
)
.
(43)
4 Special Killing forms on Y p,q
In this section we will prove that the patch of complex coordinates (43) obtained
above are the perfect ingredient in order to extract the special Killing forms on
Y p,q.
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From (43), we obtain
exp(z1) = r3 sin θ
√
y3 − 3
2
y2 +
a
2
exp(iψ) ,
dz1 =
3
r
dr + T1,
dz2 = −3
r
dr + T2 ,
dz3 =
p(y1 − y3)
r(1 − y1) dr + T3 .
where
T1 := cot θdθ +
1
2
3y2 − 3y
y3 − 32y2 + a2
dy + idψ,
T2 := tan
θ
2
dθ − 1
2
3y2 − 2y
y3 − 32y2 + a2
dy + i(dφ − dψ),
T3 :=
l
2
tan
θ
2
dθ +
p(y1 − y3)(y − 1)
2(1− y1)(y − y1)(y − y3)dy
+ i
(
l
2
dφ− l
2
dψ + dγ
)
.
(44)
Therefore, the holomorphic volume form is
Ω =exp(z1)dz1 ∧ dz2 ∧ dz3 = r3 sin θ
√
y3 − 3
2
y2 +
a
2
exp(iψ)
×
(
3
r
dr + T1
)
∧
(
−3
r
dr + T2
)
∧
(
p(y1 − y3)
r(1 − y1) dr + T3
)
.
In our particular framework the equation (6) becomes
Ω = r2dr ∧Ψ+ r
3
3
dΨ .
In order to extract Ψ we have to keep the trace of the differential form dr in
the above equation. We derive
Ψ = sin θ
√
y3 − 3
2
y2 +
a
2
exp(iψ)
(
3T2 ∧ T3 + 3T1 ∧ T3 + p(y1 − y3)
1− y1 T1 ∧ T2
)
.
(45)
Next, we will compute the wedge products from (45) using (44). After some
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long but standard computations, we obtain
T2 ∧ T3 = tan θ
2
[
p(y1 − y3)(y − 1)
2(1− y1)(y − y1)(y − y3) +
l
4
3y(y − 1)
y3 − 32y2 + a2
]
dθ ∧ dy
− i
[
p(y1 − y3)(y − 1)
2(1− y1)(y − y1)(y − y3) +
l
4
3y(y − 1)
y3 − 32y2 + a2
]
dy ∧ dφ
+ i
[
p(y1 − y3)(y − 1)
2(1− y1)(y − y1)(y − y3) +
l
4
3y(y − 1)
y3 − 32y2 + a2
]
dy ∧ dψ
− i
2
3y(y − 1)
y3 − 32y2 + a2
dy ∧ dγ + i tan θ
2
dθ ∧ dγ
− dφ ∧ dγ + dψ ∧ dγ ,
(46)
T1 ∧ T3 =
[
p(y1 − y3)(y − 1)
2(1− y1)(y − y1)(y − y3) cot θ −
l
4
3y(y − 1)
y3 − 32y2 + a2
tan
θ
2
]
dθ ∧ dy
− i
[
p(y1 − y3)(y − 1)
2(1− y1)(y − y1)(y − y3) +
l
4
3y(y − 1)
y3 − 32y2 + a2
]
dy ∧ dψ
+ i
l
2
cot θdθ ∧ dφ + i cot θdθ ∧ dγ − i l
2 sin θ
dθ ∧ dψ
+ i
l
4
3y(y − 1)
y3 − 32y2 + a2
dy ∧ dφ+ i
2
3y(y − 1)
y3 − 32y2 + a2
dy ∧ dγ
− l
2
dψ ∧ dφ − dψ ∧ dγ ,
(47)
and
T1 ∧ T2 = − 1
2 sin θ
3y(y − 1)
y3 − 32y2 + a2
dθ ∧ dy + i cot θdθ ∧ dφ
− i 1
sin θ
dθ ∧ dψ + i
2
3y(y − 1)
y3 − 32y2 + a2
dy ∧ dφ− dψ ∧ dφ .
(48)
Introducing now (46)-(48) in (45) and ignoring the multiplicative constants,
we derive
Ψ =
√
y3 − 3
2
y2 +
a
2
exp(iψ)
×
[(
a(y)dθ ∧ dy + 1
2ℓ
sin θdψ ∧ dφ− 3 sin θdφ ∧ dγ
)
+i
(
1
2ℓ
dθ ∧ dψ + 3dθ ∧ dγ − a(y) sin θdy ∧ dφ− 1
2ℓ
cos θdθ ∧ dφ
)]
,
(49)
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where
a(y) =
3p(y1 − y3)(y − 1)
2(1− y1)(y − y1)(y − y3) −
p(y1 − y3)
2(1− y1)
3y(y − 1)
y3 − 32y2 + a2
=
3py2(y1 − y3)
1− y1
1− y
2y3 − 3y2 + a
= − 3
2ℓ
1− y
2y3 − 3y2 + a .
Now, we can easily obtain the real special Killing forms computing the real
and imaginary part of Ψ:
ℜΨ =
√
y3 − 3
2
y2 +
a
2
[
cosψ
(
a(y)dθ ∧ dy + 1
2ℓ
sin θdψ ∧ dφ− 3 sin θdφ ∧ dγ
)
− sinψ
(
1
2ℓ
dθ ∧ dψ + 3dθ ∧ dγ − a(y) sin θdy ∧ dφ− 1
2ℓ
cos θdθ ∧ dφ
)]
,
ℑΨ =
√
y3 − 3
2
y2 +
a
2
[
sinψ
(
a(y)dθ ∧ dy + 1
2ℓ
sin θdψ ∧ dφ− 3 sin θdφ ∧ dγ
)
+cosψ
(
1
2ℓ
dθ ∧ dψ + 3dθ ∧ dγ − a(y) sin θdy ∧ dφ − 1
2ℓ
cos θdθ ∧ dφ
)]
.
Next we will prove that the above special Killing forms agree with the special
Killing forms Ξ and Υ recently obtained in [20, 25]. Indeed, if we denote
p(y) =
2y3 − 3y2 + a
3(1− y) ,
then we can easily remark that
a(y)p(y) = − 1
2ℓ
(50)
and √
y3 − 3
2
y2 +
a
2
a(y) = − 3
2ℓ
√
1− y
6p (y)
. (51)
Using now (22), (50) and (51), we obtain that the real special Killing forms
ℜΨ and ℑΨ can be rewritten as:
ℜΨ = − 3
2ℓ
√
1− y
6p (y)
[cosψ (dθ ∧ dy − p(y) sin θdψ ∧ dφ + 6p(y) sin θdφ ∧ dα)
− sinψ (−p(y)dθ ∧ dψ − 6p(y)dθ ∧ dα− sin θdy ∧ dφ+ p(y) cos θdθ ∧ dφ)] ,
(52)
ℑΨ = − 3
2ℓ
√
1− y
6p (y)
[sinψ (dθ ∧ dy − p(y) sin θdψ ∧ dφ+ 6p(y) sin θdφ ∧ dα)
+ cosψ (−p(y)dθ ∧ dψ − 6p(y)dθ ∧ dα− sin θdy ∧ dφ+ p(y) cos θdθ ∧ dφ)] .
(53)
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Therefore, because ℜΨ and ℑΨ coincide with Ξ and Υ modulo a multiplica-
tive constant, we conclude that indeed the special Killing forms obtained in
this article agree with the results previously obtained in [20, 25] with different
approaches.
5 Conserved quantities and complete integrabil-
ity of geodesic motion in Y p,q spaces
On a manifold with coordinates xµ and metric gµν the geodesics can be defined
as the trajectories of test-particles with proper-time Hamiltonian
H =
1
2
gµνPµPν . (54)
Here Pµ are canonical momenta conjugate to the coordinates x
µ, Pµ = gµν x˙
ν
with overdot denoting proper time derivative.
The system of a free particle admits conserved quantities (3) which commute
with the Hamiltonian (54) in the sense of Poisson brackets:
{K,H} = 0 . (55)
Let us recall that in classical mechanics a Hamiltonian system with Hamil-
tonian H (54) and integrals of motion Kj is called completely integrable (or
Liouville integrable) if it allows n integrals of motion H,K1, . . . ,Kn−1 which
are well-defined functions on the phase space, in involution
{H,Kj} = 0 , {Kj,Kk} = 0 , j, k = 1, · · · , n− 1 , (56)
and functionally independent. A system is superintegrable if it is completely
integrable and allows further functionally independent integrals of motion.
For Y p,q spaces the conjugate momenta to the coordinates (θ, φ, y, α, ψ) are
[5]:
Pθ =
1− y
6
θ˙ ,
Pφ + cos θPψ =
1− y
6
sin2 θφ˙ ,
Py =
1
6p(y)
y˙ ,
Pα = w(y)
(
α˙+ f(y)
(
ψ˙ − cos θφ˙
))
,
Pψ = w(y)f(y)α˙ +
[
q(y)
9
+ w(y)f2(y)
] (
ψ˙ − cos θφ˙
)
.
(57)
From the isometry SU(2)×U(1)×U(1) of the metric (15) we have that the
momenta Pφ, Pψ and Pα are conserved. Pφ is the third component of the SU(2)
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angular momentum and Pψ , Pα are associated to the U(1) factors. In addition,
the total SU(2) angular momentum
~J 2 = P 2θ +
1
sin2 θ
(Pφ + cos θPψ)
2
+ P 2ψ (58)
is also conserved [5, 18].
The next conserved quantities, quadratic in momenta, will be expressed in
terms of Stäckel-Killing tensors as in (3). The Stäckel-Killing tensors of rank
two on Y p,q will be constructed from Killing-Yano tensors according to (4). For
this purpose we shall use the Killing-Yano tensor Ψ1 from (7) and the additional
parallel forms of degree 2, associated with the real and imaginary parts of the
holomorphic (3, 0) volume form Ω of the cone C(Y p,q).
The first Stäckel-Killing tensor K
(1)
µν is constructed according to (4) using
the real part of the Killing form Ψ (52):
K(1)µν = (ℜΨ)µλ(ℜΨ)λν . (59)
The corresponding conserved quantity (3)1, modulo a multiplicative constant,
is [2]
K(1) =6(1− y)θ˙θ˙ + 3 + a− 6y + 2y
3 + (−3 + a+ 6y − 6y2 + 2y3) cos 2θ
1− y φ˙φ˙
− 24(a+ (−3 + 2y)y
2) cos θ
1− y φ˙α˙− 4
(a+ (−3 + 2y)y2) cos θ
1− y φ˙ψ˙
+ 18
1− y
a+ (−3 + 2y)y2 y˙y˙ + 72
a+ (−3 + 2y)y2
1− y α˙α˙
+ 24
a+ (−3 + 2y)y2
1− y α˙ψ˙ + 2
a+ (−3 + 2y)y2
1− y ψ˙ψ˙ .
(60)
The next Stäckel-Killing tensor will be constructed from the imaginary part
of Ψ (53):
K(2)µν = (ℑΨ)µλ(ℑΨ)λν , (61)
and we find that this tensor produces the same conserved quantity K(1) (60).
The mixed combination of ℜΨ and ℑΨ produces the Stäckel-Killing tensor
K(3)µν = (ℜΨ)µλ(ℑΨ)λν + (ℑΨ)µλ(ℜΨ)λν , (62)
but it proves that all components of this tensor vanish.
Finally we construct the Stäckel-Killing tensor from the Killing form Ψ1:
K(4)µν = (Ψ1)µλσ(Ψ1)
λσ
ν . (63)
1In [18] the expression of this conserved quantity has some misprints. Consequently, the
evaluation of the number of functionally independent set of integrals of motion is affected and
the system is not superintegrable.
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From (7) using the 1-form η (29) we get
Ψ1 = (1− y)2 sin θ dθ ∧ dφ ∧ dψ − 6dy ∧ dα ∧ dψ
+ 6 cos θ dφ ∧ dy ∧ dα− 6(1− y)y sin θ dθ ∧ dφ ∧ dα . (64)
and the corresponding conserved quantity, modulo a multiplicative constant, is
[2]
K(4) = 6(1− y)θ˙θ˙ − 24(a+ (−4 + 5y − 2y
2)y) cos θ
1− y φ˙α˙
+
7+a−18y+12y2−2y3+(1+a−6y+6y2−2y3) cos 2θ
1− y φ˙φ˙
− 4(a− (2 − y)
2(−1 + 2y)) cos θ
1− y φ˙ψ˙
+ 18
1− y
a+ (−3 + 2y)y2 y˙y˙ + 72
a+ (1− 2y)y2
1− y α˙α˙
+ 24
a+ (−4 + 5y − 2y2)y
1− y α˙ψ˙ + 2
a− (2− y)2(−1 + 2y)
1− y ψ˙ψ˙ .
(65)
Having in mind that K(1) = K(2) and K(3) vanishes, we shall verify if the
set H,Pφ, Pψ, Pα, ~J
2,K(1),K(4) constitutes a functionally independent set of
constants of motion for the geodesics of Y p,q constructing the Jacobian:
J = ∂(H,Pφ, Pψ , Pα,
~J 2,K(1),K(4))
∂(θ, φ, y, α, ψ, θ˙, φ˙, y˙, α˙, ψ˙)
. (66)
The rank of this Jacobian is 5, exactly the number of the degrees of freedom,
which means that the system is completely integrable. In spite of the presence
of the Stäckel-Killing tensors K(1) and K(4), the system is not superintegrable,
K(1) and K(4) being a combination of the first integrals H,Pφ, Pψ, Pα, ~J
2. It
is interesting to note that the toric Sasaki-Einstein spaces Y p,q spaces pos-
sess several Killing-Yano tensors, but these Killing forms do not generate new
Stäckel-Killing tensors, i.e. genuine conserved quantities.
6 Conclusions
In this article we investigate the complex structure of the conifold C(Y p,q) basi-
cally making use of the interplay between symplectic and complex approaches of
the Kähler toric manifolds. The description of the Calabi-Yau manifold C(Y p,q)
with toric data allows us to write explicitly the complex coordinates and spe-
cial Killing forms. Using the complete set of Killing vectors and Stäckel-Killing
tensors on Y p,q we construct the corresponding conserved quantities and proved
the complete integrability of geodesic motion.
The present investigation is important in the context of the AdS/CGT cor-
respondence. By focusing on the geodesics on the Sasaki-Einstein spaces, the
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paper refers to geometries produced by D-branes on non-flat bases going to-
wards the general goal of classifying all supersymmetric geometries with inte-
grable geodesics. It is quite remarkable the fact that while the point-like strings
(geodesic) equations are integrable in some backgrounds, the corresponding ex-
tended classical string motion is not integrable in general [3, 4, 24, 7, 8].
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